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1 Quantization of spin

1.1 Spin coherent states

We define the element k, € SU(2)/U(1) ~ S? by

1 1 —z
kz_m(Z 1) (z € C).

It has a Gauss decomposition (G, = NHN)

kz _ 6U,,ze—Ug 10g(1+22)€—U+2



where U, = 1o, and 01 = 01 £ ios. While the LHS of Eq. (2) belongs to SU(2), the individual
factors in RHS are elements of SU(2)¢ = SL(2,C). Given the spin (2j + 1) representation D)
of SU(2), the decomposition (2) enables one to define the operator

W(E, Z) — D(])(kz) _ eD(j)(U,)ze—D(j)(Ug)log(1+2z)6—D(J')(U+)2’ (3)

which generalizes the Weyl operator for the Heisenberg-Weyl group. We also use the usual
notation DY (U;) = J;.

Let |0) be the highest weight state of DY), and define the coherent states |2) labeled by
z € Cas

_ 1 j 1
- % = - . 4:
W) = e 0 = g el g
We denote the same state as
1 ;.2
&) = W(E0) = —]2), 2= ST (R (@R (=1, (5)

(14 z2) 14+e3’

where e € S? is the unit vector that corresponds to z under the stereographic projection. In
terms of the J, eigenstates,

J

: 1/2
9= Y @) enle) = || ©)

ol (7 =m)i(j +m
so that, using the notation (z| := |2), the overlap between two coherent states is given by
, l+e-e¢\ [1+72)
—| ! — 1 =.\2) / — . 7
G = e = () (1) )
Furthermore, the coherent states satisfy the completeness relation
1 dEAd: 25+ 1
d(z,2) ——=12)(Z| =1 d(z,z) = 8
[ gmmlE -1 s = TR (50)

1
sin OdOdp. (8b)

[azlepel =1, de = 2

1.2 Spinor path integral

1.2.1 Coherent state path integral

t//
("|T exp | —i / dtﬁ(t)] le)
t/
N
— tim [ dey-- / dey H)(en+1|en) exp [ i H (ener, €0 )] ()

where the classical Hamiltonian is given by

(encalH(ta)len)

H(en-i-laen;tn) = <6 +1’6 >

(10)




With Ae, := e,11 — e,, we have
(ent1len) =14 (Aeylen) ~ exp(Ae,le,). (11)

This leads to

(e"|T exp

—i /t " dt H (t)] le)

N
= lim /deN---/del expi [Z —i{Aeylen) — Aty H(ent1, €n;tn) (12)

N—oo
n=0

In the continuum notation,

<€II|T€—iLt/II dtﬁ(t)|€’> — / De eif:/// dt <e|i8t—ﬁ|e). (13)

!

1.2.2 The Wess—Zumino term

To find the kinetic term of the classical Lagrangian £ = (e|id; — H|e), we need to evaluate
(Aey|en). To this end, note that (7) implies

Lte-e\ /1+72\’
Aele) = [ ¢ _
wi- (1252 (22)
AN A0 o AD j
T A N P ke AN
2 1+z2
/,1ZA/+,EAz—zAE
R J-LXE-e _—
J T+ =

= ji(1 — cos0) Ay, (14a)

0
—i(dele) = j(1 — cos 0)dyp :j/ sin §'df’ de. (14b)
0

The integral in (14b) represents the area of the infinitesimal triangle with vertices e, e +de, and

(0,0,1). Equivalently, we can extend the trajectory
e(t) = (sin@(t) cos p(t),sin O(t) sin p(t), cos O(t)) (15)
to a two-parameter function
é(s,t) = (sinsO(t) cos p(t), sin sO(t) sin p(t), cos s6(t)) (16)

so that the kinetic term for spin is given by the Wess—Zumino term,

oo t 1
]\}im —iZ(Aen|en> = j/ dt/ dse - (Oe x 0s€) = j - Swzlel, (17a)
—00 — o 0

Swle] = /S & (de x de). (17b)

In later sections, we will abbreviate € simply by e.



1.2.3 Classical equation of motion

Proposition 1.1. The variation of the Wess—Zumino term

Swale] = / dt /0 s (Dre x Dye) (18)

s given by

dSwyz,
de

=e X 0. (19)
Proof.

dle - (Ore x Ose€)]

= de - (Ore x Os€) + Osde - (e x Oge) + Oyde - (Ose X e)

= de - (Ohe x Os€) + Os[de - (e x Oye)] — de - Os(e x Oye) — de - Dy (Dse x €) + Dy(- - +)

= O4[de - (e x Oie)] + de - [(Dre x Ose) — Ds(e x Oye) — Dy(Dse X €)] 4+ Fy(- - +)

= 0s[0e - (e x Ore)] + 3oe - (Ope X Dye) + O4(- ), (20)

/01 dsdle - (Ope x Oqe)]

s=1

1
= de - (e X D) +3/ dsde - (Oie x 0se) + Oy(- ) (21)
0

s=0

Now, upon integration [ dt, the total derivative d;(---) drops out. Furthermore, the three
tangent vectors {de, dse, dse} of S? are linearly dependent, hence the second term vanishes.
Finally, de = 0 on s = 0. This yields the desired result. m

Proposition 1.2. Let H(e) be a classical Hamiltonian for a single classical spin variable e,
defined by jH(e) = (e|H|e). Then the classical equation of motion is

e=V_.H xe. (22)
Proof. We are looking for a stationary point for the action
St = iSwalel -5 [ dtHe). (23)

By Proposition 1.1, the variation of the action is

1551

7 o =exé—V.He), (24)

so we get an equation of motion e x é = V. H. Then using e - ¢ = 0,

¢=(exé)xe=V.H Xe. (25)



Example 1.3. With spin angular momentum operators J,, consider the Hamiltonian

A

H=B-J=B", (26)

where B® is interpreted as a magnetic field. Note that (26) is the most general form of Hamil-

tonian if j = 1/2. Since the classical Hamiltonian is
H(e) = j " e|Hle) = j' B{e|Jale) = B, (27)
the classical motion is the familiar precession.

¢=Bxe (28)

2 Spin chain models

In this section, we analyze the Heisenberg model in one dimension (1D) semiclassically, using

the spinor path integral established in Sec. 1.2. The quantum and classical Hamiltonians are

given by
H= q:zij D S()-Sa) =D B*Su(x)  (J>0), (29a)
(') @
Hie) = ;21], S S@) - S@) - Y BSux)  (J>0). (29b)
() @

where (zz’) runs over the adjacent pair of lattice sites. The minus (plus) sign before the
coupling J indicates that the model is ferromagnetic (antiferromagnetic). Together with the

Wess—Zumino term, the action is given by
1 ! J
—=Sle] = [ dt dsz e(x) - (Ore(x) x Ose(x)) + — Z e(x)-e(z') — Z e(r) - B (30)
J / { /0 . 2 . }

The continuum approximation of the coupling term can be obtained by using the Taylor

expansion
e(r + a1) = e(z) & aVie(z) + %aQV?e(x) + O(a®). (31)

Integrating by parts and ignoring constant terms, the coupling term can be replaced by

Z e(z)-e(z) = Z Z Z e(z) - e(z') = —a? Z Ve(z) - Ve(x). (32)

(zz’) z'=z+tai

The resulting continuum action is the integral of the Lagrangian density, j~'S[e] = [ dtdx L]e],

with

1
E[e]:/ dse-(atexase):F%Ve-Ve—e-B (33)
0



2.1 Ferromagnetic Heisenberg model

For a ferromagnet, we take the upper sign in front of the J-term in (33). Applying Proposi-
tion 1.2 to the Hamiltonian density (which can be read off from (33)),

J
Hle] =§V6-V€—I—€-B, (34)
we obtain an equation of motion
¢=Jex Ae+ B X e. (35)

Equation (35) is known as the Landau-Lifschitz equation.

2.2 Antiferromagnetic Heisenberg model

For an antiferromagnet, we take the lower sign in (33). Due to the positive coupling, one
expects the ground state to have a Néel order where the spins are staggered. Anticipating this,

we define a new variable n(x) by
e(z) = (=1)"n(z), (36)

where n(z) € S? is supposed to be a smooth function of z in the continuum limit. The coupling

term changes sign upon rewriting the action in terms of the new variable n(z):
Y elx)-e(a) == nlz) n() (37)
(zz’) (zx’)

This flips the sign of the coupling term back to negative. Therefore, it is the Wess—Zumino

term that distinguishes the behavior of antiferromagnet from ferromagnet:

D e(w) - (Bre(x) x Dee()) =D (—=1)"n(x) - (dn(x) x dun(x)). (38)
A peculiar feature of (38) is that, upon decomposing the field n(z) into a slowly varying
staggered field and a smooth fluctuation and then integrating out the latter, a topological term

is generated; see [Grel3]. The (Euclidean) effective action for the slowly varying field is

Sealn] = 2% / Pz d,n - n + i6Q[], (392)
g

Qln] = 8i7r /d2x e"'n - (Oyn x dyn), (39b)

0 = 27y. (39¢)

(39¢) indicates that the topological term has no effects for the integer spin case j € Z. However,
as will be seen in Sec. 3.3, the topological term drastically changes the long wavelength behavior

of the system for half-odd-integer j.



3 Renormalization group analysis

3.1 SO(3) nonlinear sigma model

In the Euclidean signature,

7 = /Dné(n(m)z —1)exp {—2%]2/05% Vn-Vn] (40)

Decompose the field n*(z) into a slowly varying background n®(z) and a transversal fluctu-

ation x,(z):

N—1
n(z) = a"(x)(1 = x(2)*)* + ) xal2)ea(r) (x(2)* < 1) (41)
a=1
We will expand the action in y,(x) and only keep those terms up to quadratic order. First,

Vnt = Va1 = x)"? + 2V (1 = x*)? + V(xacl)
1
=Vl - §X2) —1'%aVXa + (VXa)es + xa Vel + O(Xz)
(Vn)? = (Vi)*(1 — x*) + 2Va*V(xael) + (Vxa)®

+ XaXsVeaVes + 2(Vxa)xsea Ves + O(x*) (42)

where we used (Vn®)n, = 0. The partition function is now

Z = /Dﬁ §(n? — l)efﬁfdd%(w")2 /DX e 2z 1 (VX)Qe’F’[ﬁ’X], (43a)
1
F; = 2—92 dx [—Xz(Vﬁ)2 +2Vi*V(xa€a) + XaXsVeaVes + 2(an)xgeZVeg] . (43b)

Now, the contribution of the fluctuating field y,
_ 1 gdy 2 s 1
<67F1>X _ /Dxe 2;2 [ ddz (Vx) e~ Frlnx] — 1 <FI>X + §<F12>x — (44)

may contains kinetic terms ~ (V7)? and hence ¢g? undergoes RG running. At leading order,

we only need to keep (F7),:

1 =~ a a
(Fib = 503 [ % [-6as(Vi) + VeaVes] xa(a)xa(a))y (45)
Using the relations

Bl = s [ L gl (460)
AJC (2m)? ¢
Vel Vel = Vel Vel (ii*n” + efel)
= e%eb (Va®)(Vil) + (e%Veg)(e%Veg)

= (Va")(Vi®) + (e§Vel)?, (46b)



one has
<FI>X = (_5a55aﬂ + 1)]d/ddl' %(Vﬁ)Q
_(2-N)I, / ' %(Vﬁ)Q (47)

and after rescaling of all lengths by 1/( (so that the momentum cutoff is set back to A),

L e[ 1
IV Lﬂ(A)

From (48) we can compute the beta function of g. First, the integral I, is evaluated to be

(2 N)Id] (48)

2-d _
Iy = g‘;‘)ld/\“ {CQ - dl} , Qg = Vol(S™). (49)
In particular, in d = 2 dimensions,
1 1 1
—N)—1
PG g 2T Mgy lse o0
3
5(g) = d§O R ay

Therefore, the beta function is positive for N > 3 and the coupling ¢? gets larger and larger as

we flow to the infrared.

3.2 Large N limit

Consider the SO(V) model which extends the case N = 3.

Z = / DnDo exp { ! / d®r {Vn*Vn, +io(n*n, — 1)}} (52)

2g2

Integrate out the n(z) fields to get an effective action for o(z):

1 i
— [ DnD — | d%r — A+ — [ q¢
/ nJo exp [ / T 2g2n “(—A+ w)na} exp {292 / xa}

N .
/DU exp [_5 Trlog(—A +io) + 2;2 /ddx 01 (53a)
Setlo] = Y Trlog(—A + i) i/dd (53b)
ol =—"Trlo 0) — — o
eff 2 g 292
We will investigate the limit N — oo. In this limit, the majority of contributions of the

path integral is concentrated near the saddle point in the function space of o(z). Denoting

Go(z,2') == (—A +io(x))™!,

o i ' d

&Seg[a + edo] = §NTI[G do] — g /d zéo(x) (54a)
2 N

5 5 Set[0 + €b0] = T Tr[G,00G,d0] (54b)



For o0 = 0¢(z) to be a saddle, the Hessian Tr|G,00G,do] must be strictly positive definite. The
first implication of this fact is that oy must be translation invariant, i.e. constant in space:

Otherwise, translation invariance of the effective action Seg would imply
Sett[0(- + a)] = Seg[o(-)] = Hessian has a zero eigenvalue. (55)

The way out is to assume that the null vector d.0 = oo(- + €) — og() is itself zero, i.e. o is
invariant under translation. Thus, let us assume the constancy of oy(z) = —iu®. The Hessian

can then be evaluated using the momentum bases.

dp dk dk  dk" N L
Hoss o [ s s (01 k) (1) (G 1) K )

_/ dp dp’ 1 1 5/;( . /)gg( I )
~ ) e enip 2 )Rt T T

- dk  dp 1 1 e
B / (2m)d (27)dp2 + p2 (p + k)2 + p2 do(k)oo(—k)

(. J

=:I1(k)

_ / (Qd:>dn(k)|35(k)|2 >0 (56)

where p € R is implicit (see below) and we used

(Gl = s 2m) 8% = ), (572

(p|oo|k) = /ddx So(z)e PR — gg(p — k), (57b)

So(—k) =da(k) - do(z) €R. (57¢)

This shows that a constant oy qualifies as a saddle point. Now, it remains to compute the value

of p? by setting (54a) to zero:

A d
d°k 1 1
T = pu— .

r Gy, / or)i BT 2 &N (58)

In d = 2 dimensions, (58) leads to

1 A? 2 1 A?
sl (F) =y = W ey (59

47 edm/9*N _

This justifies a posteriori the assumption that p is real. Also, the result (59) indicates that the
field n(x) remains massive (u? > 0) in the strongly coupled deep IR limit.

Remark 3.1. Curiously, the saddle oo(x) = —iu® turns out to be imaginary, but there is no

problem in (52) when we used

S(n* —1) x /Da exp {—éa(nQ - 1)] ) (60)
because the only field which needs reality is do: Plugging o = —iu® + 6o,
2 0 2 i 2

d(n”*—1) x /D(50 exp {—2—92(n — 1)} exp [—2—!}2(50(n — 1)1 : (61)

9



3.3 The role of topological term

We observed in Sec. 2.2 that the antiferromagnetic (AF) Heisenberg chain with half integer
spin acquires a topological term

1

Qn] = o /d2:v €apen™dn® A dn® (62)
m

in the continuum limit.

We lift the field n(z) € S? to a SU(2)-valued field g(z), using the Hopf fibration SU(2) — SZ.

1 .
n® = ~tr(c"go*g ), g= (Z w) € SU(2). (63)
2 wo oz
Then the action functional can be rewritten in terms of the SU(2) field:
1
S = 5 / Px 0,0 n® +i0Q[n], 0= 2 (64)
1
w Slg] = 5 / P tr(B,070%) + ikTwilg), k=2 (65)

where the kinetic term along the U(1) fiber direction is ignored since it can be absorbed in the
current-current coupling J, - Jg, to be discussed below. In other words, we are embedding the
observable algebra of the S? model into that of the SU(2) sigma model (65). In particular, their
renormalization group flow coincides, as long as one focuses on those observables that respect
the full symmetry of the embedded system—the antiferromagnetic Heisenberg chain.

For a particular value A = A, of the coupling strength, the model (65) coincides with the
SU(2)=2; Wess—Zumino-Witten (WZW) conformal field theory. The deviation from the WZW

fixed point is proportional to the current-current coupling:
S[g] = SSU(2)2j WZW + )\/ / dzl’ JL . JR, )\/ XX )\ — )\* (66)

It turns out that Jg - Jg is the only SU(2)- and translation-invariant scalar, hence the only
deformation that potentially drives the AF Heisenberg chain out of the conformal fixed point.
However, it is marginally irrelevant.

Moreover, for k& > 1 odd, the SU(2), WZW model is not a stable fixed point—there are
operators that destabilize it. The ultimate destination of the RG flow turns out to be the
SU(2); WZW model, which is a stable fixed point. Thus, without fine tuning, the uniform AF
Heisenberg chain (half-odd-integer j) flows to the SU(2); WZW CFT in the IR (central charge
¢ = 1), with only logarithmic corrections from the marginally irrelevant J; - Jg. This finally
reveals that the AF Heisenberg chain with half integer spin is gapless, in stark contrast with

the integer spin case.

4 The Lieb-Schultz-Mattis theorem

We follow the functional-analytic approach of [Tas22]. The system of our interest is the quantum

spin chain, by which we mean a tensor product Hilbert space and corresponding observable

10



algebra

H=Q)C¥", A=) Matys1241(C) (67)

neZ nez
For each decomposable element A = ®,A, we define the support of A as
SuppA={necZ|A, #1}. (68)

For general elements, we define its support by the set of sites x on which the operator acts

nontrivially.
Definition 4.1. A local operator is an observable A € A with finite support.

Definition 4.2 (state). A state is a linear functional p : e — C such that p(1) = 1 and
p(ATA) >0 for any A € ..

Definition 4.3 (ground state). A ground state offI 1S a state w such that

A

w(VI[H, V]) > 0 (69)
for any V € Wioe. It follows from the definition that |p(A)| < ||A|| and p(At) = p(A)*.

Definition 4.4 (locally unique gapped ground state). A ground state w of H is called a locally

unique gapped ground state if there exists a constant v > 0 such that

~ N N

w(VIH, V]) > yw(VTV) (70)
for any V € oo with w(V) = 0. We call the largest such v the energy gap AFE.

Theorem 4.5. A locally unique gapped ground state is a pure split state.

4.1 The original LSM theorem
We consider the Hamiltonians that are sum of the local terms izj, where each term satisfies
(O h;Ul = h;, U} = exp [-iZ@Sj@] , (71)
jEI
where [ is a finite interval that contains the support of ﬁj.

Example 4.6 (XXZ model). The XXZ model under uniform magnetic field is given by the

Hamiltonian

s = 0 I35, + 898, + 1508, - P ™)

JEZL

11



Given such a Hamiltonian and a pair (z,/) € R x R, we introduce the twist parameter 6,
for j € Z,

0 (U <),
Oj=q2r(j—2)/l (x<j<z+]l), (73)
2T (j > z+1),

and define the local twist operator

U,y = exp [—z’ Z Hj(gj(-z) +.9) (74)

JEZ

which is supported on the interval [z, x 4[] N Z. The following result is due to Lieb, Schultz,
and Mattis [LSM61]:

Lemma 4.7. Let w be a ground state of an U(1) invariant Hamiltonian H. Then there exist

some constants C' and ly, which depend on the Hamiltonian, that

SR P C
0 < w(ULH,Un]) < 7

(75)
forallz e R and l > .
Proof. See [Tas20)]. O

The authors of [LSM61] were able to find low-lying states of the antiferromagnetic Heisen-
berg chain with half-integer spin. This proved that the system is gapless, in contrast with the

integer spin case where a unique ground state is separated from the other states by the Haldane
gap.

Lemma 4.7 equally applies to the systems with locally unique gapped ground states, but im-
plies different consequences. If w is such a ground state, then the twisted state A w(U LAUN)
must converge to the same state with w in the thermodynamic limit. This is the content of the

following;:

Lemma 4.8. Let w be a locally unique gapped ground state with energy gap AE >0 of a U(1)

invariant Hamiltonian H. Then with the same constants C and ly as in Lemma 4.7, we have
w(Ue)]? 21— — (76)
forallz e R and [ > .

Proof. Set W = (A]%l — w(ULl) so that w(W) = 0. Using the defining property of locally unique
gapped ground state,

w(WHH, W) > AEw(WTW). (77)
Substituting the definition of W,

(UL IH, Ur]) 2 w(Ue)w([H, Up) + AE(L — [w(Us) ). (78)

12



Now, the desired result would follow upon invoking the inequality (75), once we show that
w([H,U,,]) = 0. Since every local operator is of the form A = (V'Vi — a) + i(V{ V5 — b), it

suffices to observe that

~ A A

W([H, VV]) = w@HVIV) —w(VIVH) = w(VIVE)) —w(VIVH) = 0. (79)
Note that w(VIVH) € R, as implied by (69). O

4.2 Generalized LSM theorem

Let w be a locally unique gapped ground state with energy gap AE > 0 of a U(1) invariant
Hamiltonian H on Z. We denote by 7, the shift operator

(5 =87, a=myz jeEL (80)
It is a linear s-automorphism: 7,(AB) = T,(A)7,(B) and T,(A") = T,(A)!. Suppose that w is
invariant under translation by p in the sense that

W(Tp(A)) = w(A). (81)

A~

For any [ larger than [ = max{C/AFE,ly}, Lemma 4.8 guarantees that w(U,,;) # 0 for all z.
Since the assumption (81) implies that
w(Uo) = w(Uy), (82)

the mapping [0,p] 3 = — w(U,,) then defines a closed loop in C\{0}. We denote the winding
number of this path by n,,.
For a ground state satisfying (81), we define its filling factor as

p—1

v, = w <Z<s§.z> + S)) . (83)
j=0

Note that the local operator S ](-Z) + S has integral eigenvalues, but v, need not be an integer.

Lemma 4.9. Let w be a locally unique gapped ground state of a U(1) invariant Hamiltonian

ﬁ, and assume that w is invariant under translation by p. Then
Ny = V4. (84)

Proof. Let z, € R be the smallest nonnegative number which is congruent to z modulo p. Note

that 0 <z, < p and x, — x € pZ by definition. Then

2 2w (y — N
Uy =exp |—t Z M(Sj(z) +5) (85a)
z<j<z+l
3 2w(y — R
EP_I(UI,Z) =exp |—t Z M(SJ(Z) + S)

ap<j<wp+l

2nx A(2) . 277 at2)
= exp | i—— Z (857 +85)| exp | —i Z T<Sj +5)

rp<j<xp+l rp<j<xp+l

_ ei2wxﬂxp,z7;p_x(007l) (85b)

13



with

~ 1 Az

Dot = 5 Y (8P +8) (0<a<p). (86)

a<j<a+l
Note that in the limit [ — oo, we have [ = pN + O(1) for some large N, and
1 Alx _ 1 _
W) == Y WS +9)+01™") = v, +007), (87)

P oiatp p

where the sub-leading term can be bound by C/I with C independent of a because there are

only finitely many values a take. Using this, we want to establish

A~

w(Uy,) & e @ve/Pyy(U) (88)

in the limit { — co, which would show that the winding number of the curve [0, p] 3 z — w(U,)
is 1, To this end, we note that (85b) implies

(W (Us) — €27/P0(U,)|

= (@t — eIy )|
(G L L e—i?ﬂxl/w/p))w(Ug’onyl) (89a)
= dw(sin®* 27z (Dy, 1 — v/p)])
< 16m° 2w (0,1 — Vi /D)?) (89b)
< 3271’21‘2{(4}([&3%1 — w( Py, ))]?) + [W(Papt) — I/w/p]g}. (89c)

In (89a) we applied Cauchy-Schwarz inequality to the hermitian form (A, B) — w(Af, B). (89h)
is obtained by expanding sin?(x) into an alternating series. (89c) is essentially the inequality
(A+ B)? < 2(A%+ B?). As will be stated in the next lemma, the first summand in the bottom
line is small due to the cluster property of w. The second summand was already shown to be
small in (87). O

Lemma 4.10. Every pure state w has the cluster property,

| hI‘Il W(A,B,) — w(A)w(B,)] = 0. (90)
r—y|—o0
Proof. See [BR87] or [Str21]. O
In particular,
1 [a]+1-1 X R R R
(P —w(@e)?) = 5 D W[5 — WSS —w(S7)]) (91)
jk=la]

can be divided into two summations, Z|j—k:\2D amd Z\j—k|<D’ where D is such that w(---) < e
whenever |j — k| > D. Then

. . 1
W ([Par — w(Par)]?) < l—2(z2e + 0(5)052) <2 (92)
for sufficiently large [. Since € is arbitrary, the proof of Lemma 4.9 is now completed. We have
thus established the following.
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Theorem 4.11 (generalized LSM theorem). Suppose H is a U(1) invariant Hamiltonian and it
has a locally unique gapped ground state w. Further assume that w is invariant under translation

by p. Then the filling factor v, must be an integer.

Corollary 4.12 (Affleck-Lieb). Let S be a half-odd integer. Then the antiferromagnetic Heisen-

berg chain does not have a unique gapped ground state.

Proof. Global uniqueness implies local uniqueness and invariance under translation by 1. It
remains to check that the filling factor is non-integer. Let us give an intuitive argument. As
explored in Sec. 2.2, a staggered spin configuration gives a local minima of the action. Quantum

mechanically, this corresponds to two different states |¢), [1)9) related by

02) = @™ ). (93)
nez
We can guess that the symmetric superposition [¢, ) = %(Wﬁ + |1p9)) will have slightly lower
energy than the antisymmetric superposition |¢)_) = \%(Wﬁ — |19)), due to quantum tunneling
as in symmetric double well. |1, ) will be our ground state, which is obviously invariant under
translation by 1. Its filling factor is

A 1
Vw:w<5éz)+5>:SEZ+§. (94)

O
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